Suppose F : D(X) → T is an exact functor from the bounded derived category of coherent sheaves on a smooth projective variety X to a triangulated category T . If F possesses a right adjoint, then the Bondal-Orlov criterion gives a simple way of determining if F is fully faithful. We prove a natural extension of this theorem to the case when X is a smooth and proper DM stack with projective coarse moduli space.
Introduction
1.1. Bondal-Orlov Criterion. Suppose X is a smooth projective scheme over an algebraically closed field k of characteristic zero and F : D(X) → T is an exact functor, with T a triangulated category. One is often interested in checking whether F embeds D(X) as a full triangulated subcategory of T . If F admits a right adjoint G, then the following well-known Bondal-Orlov Criterion is the primary tool used, [BO95, Bri99] . This theorem has been extended to the quasi-projective and gerby projective setting, to the case when X is allowed to have some singularities, and to the case of positive characteristic [HRLMnSdS09, SdS09, LM17, Cȃl02] .
Recent interest in derived categories of Deligne-Mumford stacks warrants an investigation of a similar criterion for this category. In this article, we extend the Bondal-Orlov criterion to the class of smooth and proper Deligne-Mumford stacks with projective coarse moduli.
In the case of stacks the notion of a k-point has to be replaced by that of a generalized point, (x, ξ), where x : Spec(k) → X is a morphism and ξ is an irreducible representation of Aut(x), see Proposition 2.2. These pairs are considered up to an isomorphism. For each generalized point, (x, ξ) there is a natural coherent sheaf O x,ξ on X , which is an analog of the skyscraper sheaf (see Sec. 2.2).
Theorem 1.2. Let X be a smooth and proper DM-stack wtih projective coarse moduli space over an algebraically closed field k of characteristic zero. Suppose F : D(X ) → T is an exact functor with a right adjoint G :
• for each pair of generalized points x, y, one has
Remark 1.1. Note that the natural dg-enhancement of D(X ) is saturated. Thus, in the case when the triangulated category T admits a dg enhancement and F lifts to the dg level, the conditions that F admits a right adjoint and G • F is of Fourier-Mukai type are automatic (see [Gen17, Theorem 1.3], [BFN08, Theorem 1.2]).
1.2.
Outline of the paper. The proof will proceed similarly to the proof of the original Bondal-Orlov criterion in [Huy06, Section 7.1]. We collect the relevant background material in Section 2. The key technical idea is to use the trade-off between nontrivial generic stabilizer and "gerbyness". This was observed by Bergh-Gorchinskiy-Larsen-Lunts in [BGLL17] in the form of an equivalence of the category of G-equivariant coherent sheaves corresponding to an ineffective action of a finite group G, with some "gerby" category. We call this BGLL equivalence and recall the details in Section 3. We complete the proof in Section 4.
Conventions. Throughout k will be an algebraically closed field of characteristic zero. Unless otherwise stated, our stacks will be smooth and proper over k with projective coarse moduli. All functors are assumed to be derived. The bounded derived category of coherent sheaves on X is denoted by D(X ).
Preliminaries on DM Stacks and Triangulated Categories
2.1. Serre Duality. Since our stacks are smooth and proper, the exotic inverse image functor
is defined, see [Nir08] , and we set ω X = p ! O Spec(k) to be the dualizing sheaf on X . Moreover, the associated endofunctor S : D(X ) → D(X ) given by
is a Serre functor for D(X ).
2.2.
Points. By a closed point of X , we mean a morphism x : Spec(k) → X . Any closed point gives rise to a closed substack ι x : BAut(x) → X called the residual gerbe at x. Here, Aut(x) is the finite stabilizer group of x and BAut(x) ∼ = [pt/Aut(x)] is the classifying stack.
For any finite group G, Maschke's Theorem gives a completely orthogonal decomposition
For any closed point, x : Spec(k) → X , and irreducible representation, ξ ∈ Irr(Aut(x)), we denote by O x,ξ the sheaf ι x * (O Spec(k) ⊗ ξ). We will think of the pair (x, ξ) as a generalized point with structure sheaf O x,ξ .
2.3. Fourier-Mukai Functors. Let X , Y be smooth and proper DM stacks of finite type over k with generically trivial stabilizers. Any object P ∈ D(X × Y), determines an exact functor
defined by the formula Φ P (E · ) = π Y * (π * X (E · ) ⊗ P). We will say that an exact functor F :
Since Serre duality holds in this setting, we have the standard formulas for the left and right adjoint. Namely, let us set
. Then G = Φ PL and H = Φ PR are left and right adjoint functors to F , respectively.
Example 2.1. Let X be a DM stack, then the diagonal object ∆ * O X ∈ D(X × X ) is a kernel for the identity functor Φ ∆ * OX ∼ = Id : D(X ) → D(X ).
Note that ∆ : X → X × X is finite and so the argument in [Huy06, Example 5.4(i)] carries over exactly.
Spanning classes.
Recall that a spanning class in a triangulated category T is a subclass of objects Ω ⊂ T such that for all t ∈ T we have:
In the (quasi-)projective setting, the structure sheaves of closed points form a spanning class. We need an analogue in the stacky setting. The following proposition seems to be well known and follows analagously to [Huy06] . We include the proof for completeness and for lack of a suitable reference. Proof. By Serre duality, it suffices to show that if F · ∈ D(X ) is not zero, then there exists a O x,ξ and i ∈ Z such that
Since F · = 0 and is bounded, there exists a maximal m such that mth cohomology sheaf H m is nonzero. Now using the spectral sequence
are zero for all r ≥ 2 and, similarly to the non-stacky case, all the differentials with target E 0,−m r are also trivial. Thus,
Remark 2.1. The spanning class in Proposition 2.2 should be thought of as a refinement of the spanning class
where π : X → X is the coarse moduli, see [CT08] .
Recall that spanning classes can be used to check fully-faithfulness of exact functors. 
is an isomorphism for all i.
2.5. Some Lemmas. We need to the following criterion for a complex to be a sheaf, flat over the base, as in [Bri99] .
Lemma 2.1. Let π : S → T be a morphism of DM stacks, and for each closed point t : Spec(k) → T , let j t : S t → S denote the inclusion of the fiber S t = S × T Spec(k). Let Q be an object of D(S) such that for all t : Spec(k) → T , the derived restriction j * t (Q) is a sheaf on S t . Then Q is a sheaf on S, flat over T . Proof. We remark that Q is a sheaf, flat over T , if and only if the base change to anétale cover on the source and on the target is a sheaf, flat over the base. In this case, this is [Bri99, Lemma 4.3]. Specifically, pick anétale cover from a scheme p T : T → T . Then the morphism t : Spec(k) → T lifts to t ′ : Spec(k) → T . 1 Set S T = S × T T and so for any t ∈ T (k), we can set S t ∼ = S T × T Spec(k). Let p S : S T → S be anétale cover of S T and S t = S T × T Spec(k). Thus we have the following diagram where all squares are Cartesian
Thus Q is a sheaf, flat over T if and only if Q ′ = (p ′ T • p S ) * Q is a sheaf, flat over T . The statement now follows from loc. cit.
By the derived pullback of an object F ∈ D(X ) to a generalized point O x,ξ , we will mean the following. Take the derived restriction ι *
x F ∈ D(BAut(x) and then use the decomposition in (1) to project ι * x F onto the ξ-isotypical component. We will abbreviate this as ι *
x,ξ F . Proof. Let π : U → X be anétale cover. If π * F · is a sheaf concentrated at π −1 (x), then F · must also be a sheaf concentrated at x. But by the argument in [Huy06, Lemma 7.2] and our assumptions, the object π * F · is a sheaf concentrated at π −1 (x).
Ineffective group actions and twisted sheaves
We will use the following description of D[X/G] from [BGLL17, Theorem 5.5(i)] in terms of sheaves twisted by a Brauer class.
3.1. BGLL Equivalence with twisted sheaves. Suppose G is a finite group and X is a smooth quasi-projective G-variety. Let us denote by N ⊂ G the kernel of the action so that H = G/N acts effectively on X. In [BGLL17] , the authors describe the category Coh[X/G] in terms of twisted H-equivariant sheaves on Irr(N ) × X. We recall this now.
Let V be any representation of G and consider the algebra
We will assume that V is an N -generator, i.e., V contains all irreducible representations of N . (Irr(N ) ). We equip Irr(N )×X with the diagonal H-action, and denote by π 1 : Irr(N )×X → Irr(N ) and π 2 : Irr(N ) × X → X the natural (H-equivariant) projections. Let us consider the sheaf of algebras
Since π 2 is a finite morphism, we have an equivalence of categories
.
Theorem 3.1 (BGLL Equivalence). There is an equivalence of categories
Coh G (X) ≃ Coh H (Irr(N ) × X, π * 1 α). given by π −1 2 * • Hom N (V, −). Let us consider the stack quotient
which has trivial generic automorphism group. The H-equivariant class π * 1 α defines an elementᾱ in the Brauer group Br(X N ), se we can rewrite the above equivalence as
Coh G (X) ≃ Coh(X N ,ᾱ).
BGLL Equivalence and generalized points.
Let us assume in addition that H acts freely on X, so thatX N is the usual space (not a stack). For each generalized point (x, ξ), we setx to be the image in X/H. Then (ξ,x) ∈X N is a k-point ofX N . The corresponding skyscraper sheaf O (ξ,x) can be viewed as anᾱ-twisted sheaf onX N . Proof. Recall that for a generalized point (x, ξ), one has O x,ξ = ι x * (ξ). Thus,
where the rightmost ξ is there to remember the A-action. The image under π −1 1 * will then be O (ξ,x) .
BGLL Equivalence and Fourier-Mukai Functors.
Let Q be a G × Gequivariant sheaf on X × X. Then Q determines, under the BGLL equivalence, a twisted sheaf Q ′ onX N ×X N .
Lemma 3.2. Suppose Q is flat over X via the first projection, then Q ′ is flat over X N over the first projection.
Proof. We just need to check that the functor Hom N (V, −) preserves flatness as all of the other functors clearly do. But this is clear as V is a vector bundle.
The last ingredient is a generalization of Bridgeland's Hilbert scheme argument. For a smooth quasiprojective scheme S, we denote by Hilb ℓ (S) the preimage of S (ℓ) in the Hilbert scheme of length ℓ finite subschemes, Hilb ℓ (S), where S is some compactification of S.
Let (Y, α) be a twisted smooth scheme and π : U → Y anétale cover trivializing α.
, which is flat over U . Suppose for each closed point u ∈ U , the following two conditions hold:
Then there exists an open subsheme U ′ of U such that the corresponding composite map
factors through a finite map to Hilb ℓ (U ), for some ℓ ≥ 0, where Coh(Y, α) is the stack of coherent (Y, α)-twisted sheaves.
Proof. Since Q u is concentrated at π(u), the support is a zero-dimensional subscheme of Y . As theétale topology is invariant under nilpotent extensions, Q u is an honest sheaf. Bridgeland's original argument shows that Q u is the structure sheaf of a zero-dimensional subscheme. Let Q ′ denote the induced family on U × U . That is, Q ′ is the pullback of Q. 
Proof of Theorem 1.2
We will proceed similarly to [Huy06, Section 7.1]. We have already shown that generalized points O x,ξ are spanning in Propopsition 2.2. We just need to show that the natural homomorphisms
are isomorphisms for all generalized points O x,ξ , O y,ζ and any integer i ∈ Z. The proof will occupy the remainder of this section. If GF (O x,ξ ) ∼ = O x,ξ , then either the adjunction morphism is zero or it is an isomorphism. But as in the original proof, it cannot be zero as
Thus, if we prove that GF (O x,ξ ) ∼ = O x,ξ then we can deduce that (2) is bijective.
4.2.
Reduction to injectivity of (2) for i = 1. Fix a generalized point O x,ξ and suppose that the homomorphism in (2) is injective for i = 1.
By Lemma 2.2, Q x,ξ := G(F (O x,ξ )) is a sheaf supported at x. Since the adjunction map is not trivial, there is a surjection δ : Q x,ξ → O x,ξ . Indeed, it is not zero and ξ is irreducible, so it is surjective. We need to show δ is bijective. There is a short exact sequence
where Ker(δ) is supported at x as well.
To see Ker(δ) = 0, it suffices to show Hom(Ker(δ), O x,η ) = 0 for any η ∈ Irr(Aut(x)). But we have the identification
Thus, injectivity of (2) for i = 1 implies that ker(δ) = 0, i.e., Q x,ξ ≃ O x,ξ . 4.3. Injectivity of (2) for i = 1 follows from generic injectivity for i = 1. By assumption, G • F is of Fourier-Mukai type given by some kernel Q. For any residual gerbe ι x : G x → X the pullback (ι x × id) * (Q) is exactly
so it is a sheaf. Hence, by Lemma 2.1, Q is flat over X (with respect to the first projection). Let ε : Q → ∆ * O X be the adjunction morphism. This map is in fact surjective since (ι x × id) * (ǫ) is the surjective map
Thus, we have an exact sequence of coherent sheaves on X × X
It follows that K is flat over X (via the first projection). If we assume injectivity of (2) for i = 1 and generic x ∈ X (and arbitrary ξ and η), then as above we deduce that for generic point x, one has (ι x × id) * K = 0. Since K is flat over X , it follows that K = 0, and the adjunction morphism ε is an isomorphism. 4.4. Generic injectivity for i = 1. We want to prove that for generic x the natural maps (2) are injective for i = 1 (for all ξ and η). This is equivalent to the injectivity of the natural map
By [Kre09] , there is a Zariski open substack Y ⊂ X of the form Y ∼ = [Y /G], where Y is a quasi-projective variety and G is a finite group. Let N be the kernel of the action and H = G/N . By shrinking Y , we can assume H acts freely. Set the quotient map to be π Y : Y →Ȳ = Y /H. Denote also by Q the sheaf Q restricted to Y × Y.
By Theorem 3.1, there is an equivalence of categories between Coh(Y) and αtwisted sheaves onȲ N = Irr(N ) ×Ȳ , where α is the corresponding Brauer class. Let Q ′ be the image of Q under the corresponding equivalence for the product. By Lemma 3.2, Q ′ is still flat over π 1 . Let π : U →Ȳ N be anétale cover trivializing α, then the pullback of Q ′ to U ×Ȳ N satisfies the conditions of Lemma 3.3. It follows that the corresponding map (abusively denoted by Q ′ ) Q ′ : U → Coh(Ȳ N , α) → Coh(U ) factors through through a finite map to Hilb ℓ (U ) (maybe after shrinking U ). Thus Q ′ has generically injective tangent and so generically Q ′ defines an isomorphism:
. Finally, the following diagram is commutative:
where u is such that π(u) = (x, ξ). This completes the proof as the two vertical arrows are generically isomorphisms. 
